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The dynamics of an elastic polymer filament undergoing contour length expansion is studied using computer
simulation. The expansion occurs by development of transverse buckling waves that grow through a coarsening
process. The growing buckles locally organize into a helical structure with a characteristic persistence length.
The helical domain boundaries are eliminated from the relaxing structure by unwinding through the ends of the
rod. The growth of the helical domains results in self-propulsive motion of the expanding rod, as one large
helix spanning the entire chain relaxes during the late stages of the dynamics. Stability analyses and scaling
arguments are provided to explain the simulation results.
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Many important biological and polymeric systems quickly
respond to changes in their surrounding conditions by alter-
ing their conformations. These conformational adjustments
include volume expansion in response to changes in the con-
ditions of the solution ~pH, temperature, salinity! and volume
compression due to externally applied stress or intramolecu-
lar attraction. For example, anionic hydrogel @1# micro-
spheres respond to changes in pH and salt concentration by
expanding to a swelling ratio of as much as 12. Microgels,
which respond to these changes much faster than slab gels
~0.5 seconds versus hours!, are being evaluated as likely can-
didates for drug delivery systems because of their small size
(;10 mm) and short response time. Similar gel chemistry is
employed in the production of nanoscale conduits @2#. Single
nanotubes can be formed from biomembrane vesicles by
bonding a substrate to the membrane surface and drawing a
stabilized fluid-lipid bilayer. The caliber of the nanometer
scale tube can be experimentally controlled in the range 20–
200 nanometers. The nanotube is stabilized by photochemi-
cal polymerization of cross-linking monomers contained
within the lipid bilayer, resulting in a cross-linked gel cylin-
der of nanometer scale radius and near-millimeter length.
When anionic hydrogel chemistry is employed, nanotubes
with the capability of expanding their equilibrium lengths are
produced. Nanoscale devices may use the expansion of these
nanotubes for hydrodynamic propulsion or as mechanical le-
vers, where adjustments in the solution conditions trigger the
desired response. Understanding the dynamics of this expan-
sion process is important for the design of nanoscale devices.
Toward this goal, we simulate and analyze the free expansion
of an initially straight elastic rod after a sudden change in the
solvent conditions.
A closely related problem of buckling of an elastic fila-
ment in a viscous medium under uniaxial compression with
fixed ends has been studied by Golubovic et al. @3#. It was
found that the compression causes a transverse buckling in-
stability with a characteristic wavelength. Through buckling,
the compressional strain is reduced by expansion in the
transverse direction at the expense of incurring bending de-
formation. The buckling phenomenon occurs spontaneously
through a symmetry breaking, and the buckled configuration1063-651X/2001/64~6!/061802~10!/$20.00 64 0618evolves as a phase ordering process.
The expansion of an elastic filament with free ends after a
sudden change of solvent condition can exhibit a similar
buckling instability to the case of applied external stress with
fixed ends. This conclusion, however, is not obvious, due to
the fact that whereas transverse buckling is the only mecha-
nism to relieve the compressional strain in the case of fixed
ends, a rod with free ends has the option of increasing its
length through longitudinal expansion. We will identify the
conditions under which longitudinal relaxation dominates the
expansion process. Since free expansion through transverse
buckling represents a richer and more interesting phenom-
enon, it will be the focus of our study. Nevertheless, longi-
tudinal motion will be shown to have a significant effect on
the dynamics, particularly on the expansion of the major axis
of the rod.
We study the expansion dynamics by computer simulation
and by extending previous analyses of the buckling phenom-
enon of filaments with fixed ends. We focus on the three-
dimensional structure of the dynamic process of expansion.
The initial instability produces wavelike deformations in the
two transverse directions. As the wavelike buckles grow,
they coalesce to form helical structures in order to assume a
growing conformation of constant curvature along the back-
bone. Domains of helical orientation spontaneously form due
to statistical deviation of the buckle wavelength from the
most unstable value. The sizes of the helical domains grow
as the rod expands, until the rod conformation is dominated
by a single helical orientation. The final structure is a pure
helix ~single handedness!; although the system initially lacks
any chiral preference. An interesting consequence of the
growth of the helical domains is the phenomenon of self-
propulsion @4# of the expanding body throughout the expan-
sion process. We present methods for measuring the average
persistence length of the helical domains and explain their
growth as a dissipative process.
II. ELASTIC ROD MODEL
We consider a thin rod of initial equilibrium length L0 and
uniform circular cross-sectional area A0, made of isotropic
elastic material. At the order of linear elasticity, the deforma-
tion of the rod can be decomposed into compression/©2001 The American Physical Society02-1
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the twist deformation. In the case of a rod with free ends,
twist deformation is dissipated out of the unconstrained
body. The resistance to twist dissipation is much smaller than
the resistance to drift motion of the entire rod; therefore, we
neglect body rotation and focus on the drift motion of the
chain. The shape of this thin rod is then described by a space
curve r(s) where s is an internal contour coordinate that runs
from 0 to L0. The linear compression/expansion strain, mea-
sured with respect to the initial rest length L0, is given by
e~s !512U]r]sU, ~1!
where we have defined the strain to be positive if it corre-
sponds to compression. However, we are interested in the
dynamic evolution of the rod after a sudden change in the
solvent condition causes a change in the equilibrium length.
Under the charged condition, the equilibrium length of the
rod becomes L f.L0. The rod at the initial length L0 will
now experience a compressional strain with respect to the
new equilibrium length. It is therefore more convenient to
define a strain with respect to the new equilibrium length L f ,
e~s !5g02U]r]sU, ~2!
where g0[L f /L0 is the swelling ratio in the longitudinal
direction.
The strain energy due to compression is then
Ucom5
k˜
2E0
L0
e~s !2ds , ~3!
where k˜ is the compression modulus and is related to the
Young’s modulus E of the elastic material by k˜ 5EA0. We
will ignore the change in the Young’s modulus due to the
expansion of the rod.
The bending energy is due to curvature distortion of the
rod from its equilibrium value, which in our case is taken to
be zero. For an unstretchable rod model, such as the Kratky-
Porod wormlike chain model @5,6#, the curvature is simply
]2r/]s2. However, in our case the length of the rod is not
conserved, and curvature is more properly defined as
(1/g)]/]s@(1/g)(]r/]s)# where g(s)5(dr/dsdr/ds)1/2 re-
lates the true arc length to the backbone internal coordinate.
The bending energy is then given by
Ubend5
e˜
2E0
L0S 1g ]]s 1g ]r]s D
2
ds , ~4!
where the bending modulus e˜ is found from the geometry of
a gently bent cylinder to be EA0
2/(4p) @7#.
To numerically solve the dynamic equation of motion, we
discretize the rod into N11 ‘‘beads’’ with an initial bead
separation of l05L0 /N . In this discretized representation,
the compression and bending energies become06180Ucom5
k
2 (n51
N
en
2
, ~5!
where en5g02(uRn112Rnul0) gives the internal strain, and
Ubend5
e
2 (n51
N21
~tn112tn!2, ~6!
where tn5(Rn112Rn)/uRn112Rnu is the unit tangent vec-
tor. The moduli are now given by k5l0k˜ 5El0A0 and e
5e˜ /l05EA0
2/(4pl0) and have units of energy. We will use
the moduli k and e in the subsequent analysis.
We describe the dynamics of the thin rod by an over-
damped Rouse dynamics in a viscous medium @8#. The equa-
tion of motion is
j
]Rn~ t !
]t
52
]U
]Rn
1fn~ t !, ~7!
where j is the friction coefficient of the solvent and fn(t)
represents the random forces due to thermal noise. We will
be interested in deformation energies ~both bending and
compression! that are large compared to the thermal energy;
therefore, we will ignore any randomness except that associ-
ated with the initial perturbation. In Sec. IV, we further dis-
cuss the conditions where thermal fluctuations significantly
contribute to the expansion dynamics and justify the neglect
of the thermal fluctuations in our study.
Analysis of the equations of motion of the beads yields
two fundamental time scales tcom5jl0
2/k and tbend5jl0
2/e ,
associated with the location compression and bending relax-
ation, respectively. An additional time scale t0 associated
with the buckling phenomenon ~see Sec. IV! arises from the
expansion dynamics. In order to resolve these fundamental
time scales (tcom , tbend , and t0!, the numerical solution of
Eq. ~7! is conducted using timesteps that are small in com-
parison. For the parameters that we choose, these three time
scales are on the same order of magnitude; therefore, we
arbitrarily choose to scale time by the fundamental buckling
time t0.
III. EXPANSION DYNAMICS
Our simulations focus on the dynamics of an initially
straight rod of length 199.0l0 expanding to a final equilib-
rium length of 298.5l0 ~50% expansion!. We use a Young’s
modulus of 104 Nm22, representing that of polyethylenegly-
col ~400! methacrylate hydrogel @9#. Choosing an initial in-
terbead spacing l05346.38 nm and radius R5292.40 nm
results in a compression modulus k59.304310216 J and
bending modulus e51.657310216 J.
We seed the initially straight chain with a small random
perturbation in the transverse direction of an amplitude of
0.01l0. ~This initial condition does not reflect the tendency
for a chain under thermal fluctuations to favor long wave-
length perturbations. We have conducted simulations with
perturbations produced by thermal equilibration of a chain
with the initial interbead spacing, and observe qualitatively2-2
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the equilibrium interbead separation is suddenly changed
from l0 to 1.5l0, and the subsequent evolution of the struc-
ture of the chain is followed by numerically integrating Eq.
~7!.
We analyze the dynamics of the expanding chain using
several metrics. The compression and bending energies are
calculated from the bead coordinates using Eqs. ~5! and ~6!.
The shape of the chain is characterized by the radius-of-
gyration tensor T @10#. The transverse buckling wavelength
is measured by using the slope-slope correlation function
Kss(r ,t) @3#. And finally, the correlation length of the hand-
edness of the transverse fluctuation is measured by introduc-
ing the torsion-torsion correlation function Ktt(r ,t).
A typical set of snapshots of the expanding chain is shown
in Fig. 1. It is clearly seen that an initially straight chain
develops buckling waves and that these waves grow through
a coarsening process. The organization of the buckling waves
into helices can also be observed.
Upon the development of buckling waves, the compres-
sion energy due to the altered equilibrium interbead spacing
is partially converted into bending energy. This repartitioning
of energy continues throughout the entire coarsening process.
In Fig. 2, we show the evolution of the two energy contribu-
FIG. 1. Snapshots of the chain conformation during the free
expansion process ~100 out of the total 200 beads are shown!. We
show conformations at 3.94t0 , 39.4t0 , 394t0, and 3940t0, succes-
sively.06180tions during the expansion of the chain. The drop in the
compression energy and sharp rise in the bending energy
corresponds to a time when the buckling waves begin to
grow significantly. Once the buckling waves are fully devel-
oped, both energy contributions decay due to dissipation.
Over a broad intermediate time range, the decay of both
contributions follows a power law with exponent 21/2 and
21 for the bending and compression energies, respectively.
These features are qualitatively similar to those in the buck-
ling dynamics due to compression along a rod with fixed
ends, as analyzed in Ref. @3#. The very long time behavior is
the relaxation of a bend with a length scale the size of the
entire chain; relaxation of this long wavelength bend should
be exponential and will be governed by the longest relax-
ation time associated with the bending motion. We note that
full relaxation cannot be reached in the case of chains with
fixed ends, and the simulation time in Ref. @3# was not long
enough to reach this terminal regime.
To analyze the shape evolution of the expanding chain,
we introduce the radius-of-gyration tensor T, calculated from
the bead coordinates Rn and the center-of-mass coordinate
Rc(t)5(n51N11Rn(t)/(N11):
Ti j~ t !5
1
N11 (n51
N11
@Ri ,n~ t !2Ri
c~ t !#@R j ,n~ t !2R j
c~ t !# ,
~8!
where i and j denote cartesian components x, y, and z, and n
denotes the discrete backbone coordinate. The square roots
of the three eigenvalues of the tensor T (R1 , R2, and R3)
give a measure of the size of the chain along the major axis
x1 and the two minor axes x2 and x3, which are the eigen-
vectors of T. Figure 3 shows the evolution of the three prin-
cipal radii of gyration with time. Since the major radius R1
starts from a large nonzero initial value, we present data for
R1(t)2R1(0). This difference is seen to increase linearly at
FIG. 2. Bending energy Ubend (n), compression energy Ucom
(,), and total potential energy U5Ubend1Ucom during the expan-
sion process. The total energy becomes indistinguishable from
Ubend for t/t0.5.2-3
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around the time the buckling waves develop. The two minor
radii start at a small value and then rapidly increase when the
buckling waves begin to develop. Afterwards, they follow a
t1/4 power law growth until eventually dropping back to zero
when the chain is fully relaxed. The small differences in R2
and R3 are due to statistical errors, as these two axes are
equivalent.
Following Ref. @3#, we define the slope-slope correlation
function Kss to calculate the characteristic wavelength l of
the buckling waves. The transverse slope Vn
T is the projection
of the relative bead position Vn5Rn112Rn onto the tran-
verse axes x2 and x3
Vn
T~ t !5@x2~ t !Vn~ t !#x21@x3~ t !Vn~ t !#x3 , ~9!
and the slope-slope correlation function is defined as
FIG. 3. ~a! Expansion dynamics of the major axis DR15R1
2R1(t50). The dashed-dotted curve corresponds to the analytical
solution @Eq. ~16!# for the expansion of a rod in one dimension. ~b!
Time evolution of the minor axes R2 (n) and R3 (,) during the
expansion process.06180Kss~r ,t !5^Vn1r
T ~ t !VnT~ t !&, ~10!
where the angular brackets refer to a statistical averaging of
many runs with different realizations of the initial random
seeding. For a perfect sinusoidal wave, the function Kss(r ,t)
changes sign twice during one full period in r, the first zero
occurring at one-quarter of the wavelength l . We therefore
define the characteristic wavelength as four times the value
of r where Kss(r ,t) first becomes zero.
In order to measure the persistence of the handedness of
the transverse fluctuation lH , we introduce the torsion-
torsion correlation function Ktt . For a space curve, torsion t
is defined to measure the instantaneous amount that the curve
is distorted out of a planar path. Mathematically @11#,
t52n dbds , ~11!
where n is the unit normal, which is a measure of the nor-
malized rate of change of the tangent vector t with respect to
the arc length s and b is the unit binormal, defined as the
cross product of the tangent vector with the unit normal. The
sign of the torsion determines the handedness of the distor-
tion: a right handed distortion generates a positive torsion; a
left handed distortion generates a negative torsion. The
torsion-torsion correlation function is defined as
Ktt~r ,t !5^tn1r~ t !tn~ t !& . ~12!
This function switches sign at half the correlation length of
the helical orientation lH .
In Fig. 4, we show the time evolution of the buckling
wavelength l and the helical correlation length lH . The
initial random seeding does not favor any particular wave-
length. However, after some initial incubation period, the
transverse fluctuation picks up a dominant wave number cor-
responding to a plateau in l(t). Subsequently, the coarsening
FIG. 4. The time evolution of the average wavelength of the
buckled perturbation l (,) and the average persistence length of
the buckle handedness lH (n).2-4
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length, manifested as a t1/4 power law for a broad range of
the intermediate times. The growing wavelike buckles in
three dimensions organize into helical domains, which are
separated by domain boundaries that may be viewed as im-
perfections within the helical structure. The energy associ-
ated with the boundary imperfections is relaxed by diffusion
of the imperfections from the system, thus the helical corre-
lation length increases until the structure is a pure helix.
The development of helices generates a drift motion in the
center-of-mass displacement of the expanding structure. The
rate of self-propulsion depends on the structure of the ex-
panding body, the rate of relaxation, and the net amount of
helicity in the chain. Figure 5 shows the displacement of the
center of mass during the expansion process. The dynamics
of the motion is clearly rather complex. In particular, accel-
erated motion takes place during the rapid development of
the buckling waves. The late stage motion appears to be
linear and is probably due to the self-propulsion generated
during the relaxation of the one single helix.
In order to clearly show the formation of a helical buckled
conformation, we have performed simulations where the ini-
tial condition is seeded with a preferential perturbation along
one of the two transverse directions. Specifically, we set the
y component of the initial transverse perturbation to a sinu-
soidal wave with an amplitude of 0.1l0 and with a wave-
length l0 , the fastest growing wavelength determined from
the linear stability analysis ~see next section!. The z compo-
nent of the initial perturbation is set to a random fluctuation
with an amplitude of 0.01l0. The time evolution of the two
minor axes is shown in Fig. 6. The separation of the two
minor axes R2 and R3 at the beginning of the expansion
process reflects the favoring of the y component. The two
magnitudes increase parallel to each other until R2 has ex-
panded to a threshold value, at which point R2 levels off.
The smaller minor axis R3 catches up to the larger minor
axis R2. Thereafter, they continue to increase; however, the
FIG. 5. Time evolution of the center-of-mass displacement
(^(DRc)2&1/25^@Rc2Rc(t50)#2&1/2) during the expansion pro-
cess.06180two radii become roughly equal. The structure at this point
becomes clearly helical, as confirmed by direct visualization
of the chain configuration. The helical conformation mini-
mizes the bending energy by distributing a constant curva-
ture over the length of the elastic chain.
IV. LINEAR STABILITY ANALYSIS AND DYNAMIC
SCALING
In this section, we perform a linear stability and scaling
analysis with the goal of obtaining a physical understanding
of the results presented in the previous section. We first ana-
lyze the early stage dynamics that focuses on the initial ex-
pansion of the chain in the longitudinal direction and the
development of the buckling wave. We then use a simple
energy argument to understand the driving force for the for-
mation of helices. Finally, we use scaling analysis to ratio-
nalize the observed intermediate and long time scaling be-
havior of the various quantities.
At the early stage of the expansion, the chain is essen-
tially straight with small transverse perturbations. It is there-
fore convenient to decompose the chain configuration into
longitudinal and transverse components, with the longitudi-
nal axis parallel to the initial orientation of the chain. We
define a longitudinal deformation u(s) through rL5@s
1u(s ,t)#xˆ , where rL is the longitudinal position of the chain
backbone at internal coordinate s. Note here that the longi-
tudinal deformation is defined with respect to the initial equi-
librium position of the chain. The transverse deformation
RT(s) at s is simply the deviation from the initial chain axis.
The equations of motion for these components are obtained
in a manner similar to Eq. ~7! taking special care to maintain
the dimensions in the continuous model. They are
j
]u
]t
52k
]e
]s
2el0
2 ]
]s H 1g ]]s F 1g2 ]]s S 1g ]~s1u !]s D G J ,
~13!
FIG. 6. Early stage time evolution of the minor axes R2 (n) and
R3 (,). This simulation seeds one transverse direction with the
unstable wavelength l0 of amplitude 0.1l0 and the other transverse
direction with random perturbation of amplitude 0.01l0.2-5
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]RT
]t
52k
]
]s S e ]RT]s D2el02 ]]s H 1g ]]s F 1g2 ]]s S 1g ]RT]s D G J .
~14!
The early stage dynamics is dominated by the compres-
sion energy. Since the initial conformation is essentially
straight, the beads move in the longitudinal direction as if
they are confined to move in one dimension. Ignoring the
transverse components leads to the following simplified
equation of motion for the longitudinal deformation
j
]u
]t
5k
]2u
]s2
. ~15!
It is convenient to define the internal coordinate s
P@2L0/2,L0/2# . This equation is supplemented by the final
value u(s ,‘)5(g021)s5e0s and the zero strain boundary
conditions at the two chain ends. The solution can be readily
obtained as an eigenfunction expansion that reads
u5e0s2
e0L0
p2
(
p50
‘
~21 !p
S p1 12 D
2 sinF2pS p1 12 D sL0G
3expF24p2kS p1 12 D 2 tjL02G . ~16!
Equation ~16! defines a set of relaxation times for the eigen-
modes. In particular, a ‘‘Rouse-like’’ time associated with the
slowest longitudinal relaxation mode can be identified as
t long5jL0
2/(p2k).
Using Eq. ~16!, we obtain the evolution in the radius of
gyration for a chain expanding in one dimension. For short
times, the change in the radius of gyration is given by
Rg2Rg~ t50 !5A 1L0E2L0/2
L0/2
~s1u !2ds2
L0
2A3
’
2A3ke0
jL0
t
5L0e0
2A3
p2
t
t long
. ~17!
This predicted linear behavior is in perfect agreement with
the simulation result shown in Fig. 3.
The one-dimensional configuration of a chain with inter-
nal compressional strain is unstable with respect to small
transverse perturbation. The initial instability can be under-
stood through a simple linear stability analysis. Representing
the transverse perturbation as a sinusoidal wave with wave
number k, RT;Ak exp(iks), and substituting it into the equa-
tion of motion, Eq. ~14!, we find that the amplitude of the
perturbation Ak will grow for k’s in the range uku
,e0
1/2(k/e)1/2/l0. The most unstable ~i.e., fastest growing!
mode is that with k056e0
1/2(k/e)1/2/(A2l0), corresponding06180to a wavelength l0 of 2pl0@ke0 /(2e)#21/2. The most un-
stable mode predicted from the linear stability analysis does
not favor the y or z directions, nor does it favor the cosine or
sine contributions. This suggests that the transverse pertur-
bations in the two unexplored dimensions initially are inde-
pendent of each other. However, statistically, the amplitude
of the most unstable mode is equivalent in these two dimen-
sions.
The linear stability analysis predicts an exponential
growth of the most unstable mode at a rate of t0
21
5k2e0
2/(4l02je), thus the transverse displacement becomes
significant when t;t0 . This time therefore signals the ter-
mination of the one-dimensional growth dominated by the
compression energy. This is shown clearly as the end of the
plateau in the compression energy in Fig. 2, and the devia-
tion from linear growth in the radius of gyration of the major
axis ~Fig. 3!. This time also correlates well with the onset of
scaling behavior in other properties.
The expanding transverse buckles force the bending en-
ergy to overcome the compression energy at times t.t0 .
The growing wavelike structure locally conforms to a path
between a planar wave and a helix. The three-dimensional
buckled structure relaxes by following the steepest descent
on the potential energy surface. We now show that the bend-
ing energy favors organization of the buckles into helices. To
this end, we focus on the bending energy contribution in a
segment of the chain spanning a single period of wavelength
l0 . Since the longitudinal expansion requires an orches-
trated motion of the entire chain, the transverse buckles grow
outward without appreciably spreading longitudinally. Thus,
for the present purpose we keep the longitudinal distance of
this chain segment fixed, so that chain expansion occurs only
through the growth of the buckling wave in the transverse
directions. We represent the distortion of the chain by as-
suming
r5X~s !xˆ 1Dry sin~k0s !yˆ 1Drz cos~k0s !zˆ , ~18!
subject to a given swelling ratio udr/dsu5g , with g varying
between 1 and 1.5 corresponding to the initial and final
length of the chain, respectively. Note that either the sine or
cosine part in the above equation corresponds to a two-
dimensional wave, whereas when both sine and cosine are
present with equal coefficients, we obtain a perfect helix.
Therefore, we plot the bending energy as a function of
@Dry2Drz#/l0; the result is shown in Fig. 7. It is clear that
the helical structure is an energy minimum at all values of g
~representing a time progression in the expansion!, reflecting
the tendency of the wavelike structure to assume a confor-
mation of constant curvature. The energy difference between
the helix and a two-dimensional deformation increases with
increasing swelling ratio and approaches zero as the swelling
ratio approaches one, the latter being consistent with the lack
of a transverse directional preference of the buckling pre-
dicted by the linear stability analysis. Thus the formation of
helices is a nonlinear effect.
As the wavelike deformations grow in the transverse di-
rection, the driving force for coalescing into a helical con-
formation increases. The handedness of a helix is dictated by2-6
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tion does not favor one over the other. However, because of
the continuity of the space curve, correlation develops as the
chain expands so that the local torsion persists over a length
lH . The result is a helical structure with helical domains of
length lH , which are separated by kink domain boundaries.
The dynamics for the intermediate times t f.t.t0, where
t f is a terminal relaxation time scale to be obtained later, is
characterized by power law dependence in a number of prop-
erties. To understand the observed scaling behavior, we per-
form a scaling analysis, following similar arguments given in
Refs. @3,12# in the study of compressed rods and membranes.
We choose a transverse displacement scale RT , ignoring
for the present purpose the difference between R2 and R3.
The longitudinal deformation is characterized by the increase
of the length along the major axis DR1, which scales simi-
larly to the displacement u introduced at the beginning of
this section. The length scale for the bending deformation is
the wavelength of the buckles l and that for the longitudinal
displacement is L0. The fact that the contour length increases
will be accounted for by the leading dependence in longitu-
dinal strain, but otherwise has little effect.
We start with the scaling behavior for the buckling wave-
length l . The driving force for buckling is due to both the
compression energy and the bending energy. Assuming that
the two driving forces contribute roughly equally, we have,
from the transverse equation of motion @Eq. ~14!#,
j
RT
t
;k
eRT
l2
;el0
2 RT
l4
. ~19!
The above relation can be rewritten using the initial strain
e0[g021, and the wavelength l0 and time scale t0
54l0
2je/@k2e0
2# identified from the linear stability analysis,
as
FIG. 7. Bending energy for a single period wavelike distortion.
The amplitudes Dry and Drz correspond to the relative contribution
of the sine component and the cosine component respectively.06180t0RT
t
;
eRTl0
2
e0l
2 ;
RTl0
4
l4
. ~20!
It can be readily seen that the buckling wavelength scales
as l;l0(t/t0)1/4. The internal strain is seen to scale as e
;e0(t/t0)21/2. Substituting the internal strain into the com-
pression energy yields Ucom;k(L0 /l0)e02(t/t0)21.
To understand the scaling behavior of the increase in the
length along the major axis of the rod, we analyze the gov-
erning equation for the longitudinal motion @Eq. ~13!#. This
analysis requires careful consideration of the appropriate
length scales. The contribution of the compression energy is
relatively unaffected by the presence of transverse buckles;
therefore, the proper backbone length scale for the compres-
sion energy is L0, leading to
j
DR1
t
;k
e
L0
. ~21!
Using the scaling for the internal strain e, we obtain the
scaling for the longitudinal displacement u as
DR1;k
e0t
1/2t0
1/2
jL0
;S ttbendD
1/2 l0
2
L0
, ~22!
where the last expression results from using the expressions
for t0 and tbend5jl0
2/e . This accounts for the observed t1/2
power law increase in the major axis shown in Fig. 3.
The scaling behavior for RT shown in Fig. 3 can be un-
derstood by going back to the expression for the internal
strain that consists of both longitudinal and transverse con-
tributions
e5e02
]u
]n
2
1
2 S ]RT]n D
2
;e02
DR1
L0
2
RT
2
l2
. ~23!
For t.t0 the strain becomes negligible compared to each
individual term on the right hand side of the equation. Thus,
we can obtain the scaling behavior for RT by balancing the
three terms on the right. Assuming for the moment that we
can ignore the DR1 /L0 term, we have
RT;e0
1/2l;e0
1/2l0S tt0D
1/4
, ~24!
which is in agreement with the power law behavior in Fig. 3.
Combining the scaling for RT and l , we obtain the
scaling for the bending energy Ubend;el0L0RT
2 /l4
;ke0
2(L0 /l0)(t/t0)21/2. The power law behavior of RT @Eq.
~24!# terminates when the second term in Eq. ~23! DR1 /L0 is
no longer negligible, and this happens when
DR1;e0L0 ~25!
or
t;t f;tbende0
2S L0l0 D
4
. ~26!2-7
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approached its final equilibrium length. This terminal relax-
ation time can also be obtained as the time required for the
wavelength of the buckles to reach the full length of the rod.
Setting l;L0, we have
t f;tbendS L0l0 D
4
, ~27!
which apart from some numerical factor is identical to the
scaling expression Eq. ~26!. We note that this relaxation time
is nothing but the transverse relaxation time for a semiflex-
ible polymer @13,14#. Interestingly, the relaxation time asso-
ciated with the longitudinal relaxation @Eq. ~16!# does not
play an explicit role in our study. This is because buckling
appears long before this relaxation time is reached since
t0
t long
;
4el0
2
ke0
2L0
2 !1. ~28!
The time scale t long becomes obliterated once buckling
waves dominate the relaxation dynamics. This inequality in
fact specifies the condition under which the free expansion
problem exhibits similar transverse buckling to that in a
compressed rod with fixed ends. This condition reflects the
significantly larger resistance associated with longitudinal re-
laxation than that associated with transverse buckling. If the
parameters are altered such that t long;t0, then even though
the transverse buckling instability may still exists @15#, the
buckling waves will not be able to grow to any significant
extent since the driving force for buckling will have been
dissipated through longitudinal relaxation. For an elastic rod
made of isotropic material, this will be the case if the initial
strain is less or comparable to the inverse of the aspect ratio
of the rod. ~This result can be obtained by substituting the
explicit dependence of the bending and compression moduli
on the diameter of the rod and on the Young’s modulus of
the materials.! For long rods with large strain, the scenario
we have presented in this study will prevail.
The increase of the helical persistence length lH is nec-
essarily slower than that of the wavelength l . The wave-
length l grows by two modes of relaxation. It grows inter-
nally at the helical domain boundaries; two helices meet and
eliminate one another by turning the imperfection around the
axis of orientation. This process increases the wavelength
without effecting the length of the two helical domains. The
wavelength also grows at the chain ends by turning the end
helices around the axis of orientation. This process increases
both the wavelength and the helical domain length. The he-
lical persistence length grows at a slower rate than the wave-
length because the helical domains grow only by diffusion of
writhe out of the ends, and the wavelength grows by both
internal relaxation and unwinding at the ends. The physics of
the relaxation of two preexisting competing helical structures
has recently been analyzed for a chain of fixed length and
bending/twisting degrees of freedom @16#. Two types of im-
perfection front propagation are identified: ‘‘crankshafting,’’
where one helix spins around the axis of the other at the
chain end ~end dissipation!, and ‘‘speedometer-cable mo-06180tion,’’ where each helix revolves around their own axis ~in-
ternal relaxation!. These modes of front propagation are con-
sistent with our description of domain relaxation; however,
our problem is complicated by the existence of many do-
mains of helicity, and these two modes occur simultaneously
during the free expansion process. Also, the helices studied
in Ref. @16# correspond to energy minima in a bistable sys-
tem, while the helices appearing in our study are transient
structures that arise spontaneously during the relaxation pro-
cess in a system lacking an obvious propensity for helical
formation. The apparent t1/6 growth in lH observed here is a
result of a rather complex relaxation mechanism that remains
to be investigated further.
Finally, we discuss the effects of neglecting thermal fluc-
tuation in our study. To this end, we compare the thermal
energy with the compression and bending energies. Since the
compression energy decays faster than the bending energy,
thermal fluctuation is expected to affect the system behavior
when Ucom;NkBT . Since Ucom;kNe0
2(t/t0)21, the two
energies become comparable when t5tT;(k/kBT)e02t0.
For our choice of parameters and assuming room tempera-
ture, k/kBT’6N2; thus we estimate that tT;104t0. On the
other hand, the bending energy remains much larger than the
thermal energy until well past the terminal relaxation time
t f . Thus the t21/2 decay in the bending energy shown in Fig.
2 will be unaffected by the thermal fluctuation, while the t21
decay in the compression energy will reach a plateau value
corresponding to the thermal energy of the rod at t;tT .
However, since the scaling behavior of most of the proper-
ties studied in this work is determined by the bending en-
ergy, thermal fluctuation has little effect on these properties.
Interestingly, we find from separate calculations that in-
cluded Brownian forces, that even the t1/2 growth in the
length of the major axis ~which is expected to be affected by
the compression energy! persists well past the time when the
compression energy reaches a plateau.
We note that there are many situations in which thermal
fluctuation plays an essential role in the dynamics of a semi-
flexible polymer. Stress relaxation in semiflexible polymers
is an example that has attracted considerable attention in re-
cent years @13,14,17,18#. Similarly, the propagation of ten-
sion upon pulling a semiflexible polymer by one end is
shown to depend crucially on the thermal fluctuation spec-
trum in the initial configuration @19#. While the inclusion of
thermal fluctuation in our work would undoubtedly be more
realistic and would lead to slight modifications in the behav-
ior of some properties, we have chosen to focus our attention
on situations where relaxation is driven by large mechanical
energies and hence the omission of thermal fluctuation is
justified.
V. CONCLUSIONS
The free expansion of an elastic filament progresses along
the energetic path of least resistance, notably marked by the
emergence of the transverse buckling, which occurs to dis-
tribute the energy between compression and bending. The
wavelike buckles grow as a coarsening process until the
wavelength reaches the full length of the chain, at which2-8
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formation. The buckles expand in the transverse direction
and prefer to assume a helical orientation due to a nonlinear
effect, which is not predicted by linear stability analysis. Al-
though the energetically preferred conformation as the trans-
verse displacement grows is a pure helix ~single handed-
ness!, the local handedness is determined by the local
torsion; therefore, the wavelike buckles coalesce into helical
domains separated by kink imperfections, which are elimi-
nated from the expanding body by diffusion from the chain
ends. The helical domains grow until the relaxing conforma-
tion achieves a pure helical orientation, where the handed-
ness is determined by the orientation of statistical domi-
nance.
The relaxing helix undergoes self-propulsion, which is
similar in nature to the propulsive motion of flagellated
micro-organisms, as it strives to achieve the minimum en-
ergy, straight conformation. The existence of domains of
handedness in the expanding structure extends the compari-
son between our problem and micro-organism propulsion,
since some bacterial flagella employ competition between
structures of opposite chirality to drive motion @16#. The dy-
namics of the drift motion of the entire chain is rather com-
plicated due to the structural complexity of the relaxing
body; therefore, a scaling analysis of the center-of-mass mo-
tion from the dynamic equations of motion would not prove
effective. Furthermore, in the case of flagellated micro-
organisms, an important contributing factor toward the rate
of self-propulsion is the effect of chain twisting on the hy-
drodynamic behavior of the elastic rod @4#. We have ana-
lyzed the structure of the freely expanding rod and predicted
that self-propulsion is an interesting consequence of the
higher order structure that is established during the relax-
ation process. However, to quantify the center-of-mass dis-
placement, the additional twist degree of freedom should be
included in the elastic rod model @20–22#.
The expansion dynamics present an interesting problem
of symmetry breaking where the system breaks symmetry in
two ways. The straight rod spontaneously buckles in the
transverse direction and the wavelike buckles further orga-06180nize into helical domains of common handedness. The
former symmetry breaking occurs to preferentially distribute
the energy between bending and compression, rather than
dissipating the energy through compression alone. Energy
redistribution during the relaxation process is common in
problems of stress dissipation. Similar to expanding rods, the
expansion of compressed membranes exhibits transverse
buckling in order to alleviate the compression energy @12#.
Similarly, when an elastic cube is stressed through inward
pointing forces at the cube vertices, the cube buckles along
the cube edges @23#. An initially twisted rod may unwind the
twist density via ‘‘geometric untwisting,’’ where twist is
converted to writhe, and stress is dissipated through drift
motion of the chain backbone @20#. This process, in which
energy is redistributed between twist and bending, is obvi-
ously analogous to the free expansion problem we study
here. This mode of relaxation, however, is the dominant
mechanism only when the moment about the twisted chain
generated by the torsional deformation cannot overcome the
rotational resistence. Thus there is a further similarity be-
tween the relaxation of twist deformation and the free expan-
sion of elastic filaments, as in both systems redistribution of
energy through instability occurs only under certain condi-
tions.
A recent theoretical analysis of DNA condensation @24#
suggests that the chain collapse occurs via an Euler buckling
instability, thus partitioning the total energy into bending and
electrostatic energy. Our analysis of the freely expanding rod
provides insight into the existence of higher order structure
within the buckle phase; therefore, if the chain collapse oc-
curs through a similar instability, it is likely that the condens-
ing DNA strand also contains helical domains. We are inter-
ested in analyzing the effect of helicity on the chain collapse
dynamics and determining its role in the morphology of the
condensed DNA strand.
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